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Abstract. If E is an operator space, the non-commutative vector valued LP 
spaces S'*'[-E] have been defined by Pisier for any 1 < p < oo. In this paper 
a necessary and sufiicient condition for a matrix of the form (ai-|-j )o<ij with 
Qfc G S to be bounded in SP[E] is estabhshed if 1 < p < oo. This extends 
previous results of Peller where E = C or E = . The main theorem states 
that if 1 < p < oo, (ai-^j)o<ij is bounded in SP[E] if and only if there is 

an analytic function ip in the vector valued Besov Space Bp^^ such that 

In = f'i'n-) for all ra S N. In particular this condition only depends on the 
Banach space structure of E. We also show that the norm of the isomorphism 
tp I— > grows as ^/p as p — > oo, and compute the norm of the natural 

projection onto the space of Hankel matrices. 



Introduction 

This paper is devoted to the study of Hankel matrices in the vector- valued non- 
commutative L^-space S''^[E] defined by Pisier [7]. The main result is a charac- 
terisation, for any operator space E, of the norm of such matrices in terms of 
vector- valued Besov spaces {E)_^ defined in the second section. The surprising 
fact is that these norms only depend on the Banach-space structure of E. The main 
result is the following. 

If if — X^nGN ^n-^" ^ formal series with a„ belonging to an operator space 
E, we denote a„ — (p{n) {'f{n) coincides with the Fourier coefficient of when 

G L^{T] E)), the Hankel matrix F,^ is defined by its matrix representation 

= + fc))j,fc>o • 

Theorem 0.1. Let 1 <p < oo. A Hankel matrix (aj+fe)j^fe>o belongs to S'p[E] if and 
only if the formal series X]n>o belongs to B^^ {E)_^. 

More precisely there is a constant C > such that for any operator space E and 
any formal series ip ~ X]n>o '^kZ^ 

Moreover the rate of growth as ,Jp is optimal already in the scalar case: there is 

a constant c > (independant of p) and ip e such that ||F(p||gp > c^fp \ \ip\\„i/p. 

p+ 

As a consequence we also get that the norm of the natural projection onto the 
space of Hankel matrices grows as ^Jp as p oo, and as Wp ~ 1 as p — > 1: 
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Theorem 0.2. Let Puank be the natural projection from the space of infinite ma- 
trices to the subspace of Hankel matrices: 

PHank {{aj.k)j.k>o) = I j _^f^j^i 

s+t=j+k J ^. 

Then, for 1 < p < oo, Pnank is bounded on 5'^' (and on S'p[E] for any operator 
space E) and its norms satisfy the foUowing inequahty with a constant C > 
independant on E and p: 




PnankWsP^SP < 1 1 ^Hanfe || Sp [B] —S? [B] < C\ 



As often for results on non-commutative spaces Theore 10.11 is proved using 
the complex interpolation method. For p — 1 the above theorem can be proved 
directly. A first natural attempt to derive the Theorem for any p would be to get 
something for p = oo. Bounded Hankel operators are well-known with Nehari's 
theorem and its operator valued version, which states that for E C B{£'^) and 
p = oo, belongs to B{£'^)®E if and only if there is a function ^ e L°°{T; B{f')) 
such that ^{k) = (^(fc) for A: > 0. But for non-injective operator spaces, this seems 
very complicated (at least to me) to relate this function to properties of E. 
Another natural attempt would be to interpolate between p — 2 and p — 1 since 
often for p = 2 results are obvious. But it should be pointed out that here the 
Theorem is non trivial for p = 2 as well. We are thus led to pass from a problem 
with only one parameter p to a problem with more parameters to "get room" in 
order to be able to use the interpolation method. This is done with the so-called 
generalized Hankel matrices. 

For real (or complex) numbers a, (3 the generalized Hankel matrix with symbol 
if is defined by 

r^^'' = ((i + jr(i + fc)''^(j + fc)),,fe>o- 

Our main theorem characterizes, for an operator space E and a 1 < p < oo, 
the generalized Hankel matrices that belong to S'^[i?] under the conditions that 
a-f l/2p>0,/3-|-l/2p>0. 

Theorem 0.3. Let 1 < p < oo and a,P > ~^/2p. Then for a formal series f = 
E„>o with 0{n) e E, r^''^ e Sp[E] if and only if G 5^''+"+^ (E)^. 

More precisely, for all M > 0, there is a constant C — Cm (depending only on 
M, not on p, E) such that for all such all 1 < p < oo and all a, /? G M such that 
-i/sp < a,/3 < M, 
(1) 

^mm(a,/3) H- i/2p 

The usual convention is to define S°°[E] as K, ®min E. However in the previous 
Theorem one has to (abusively) understand || • ||5ao[£] as || • \\B(P)®,-ninE (if ^ is 
finite dimensional) or even as || • \\b(P^h) '^^ E d B{H). 

Note that surprisingly, this theorem shows that the condition F^^^ G S^lE] only 
depends on the Banach space structure of E (whereas the Banach space structure 
of SP[E] depends on the operator space structure of E). 



OPERATOR SPACE VALUED HANKEL MATRICES 



3 



These results extend results of Peller in the scalar case or in the case when 
E = ([2],[4],[3], [5]). In the scalar case Peller's theorem indeed shows that the 

1 /v 

space of Hankel matrices in is isomorphic to a Besov space Bp_^ . The case when 
E = shows that this isomorphism is in fact a complete isomorphism. The results 
stated above show that this isomorphism has the stronger property of being regular 
as well as its inverse in the sense of [6] . In this paper the choice was made to use the 
vocabulary of regular operators, but one could easily avoid this notion (replacing, 
in the proof of Lemma [3Tl] the use of Pisier's Theorem II. 31 bv Stein's interpolation 
method). The natural projection Puank was also studied by Peller (Chapter 6 of 
[5]) who proved that it is bounded on S'^' if 1 < p < cxd and unbounded if p = 1 
or oo. Here we prove that it is even regular, and show that its norm as well as its 
regular norm behaves as ^ {p > 2) or as 1 / y^p — 1 {p> 2). This seems to be new 
even in the scalar case. 

These results should be considered as remarks on Peller's proof rather than new 
theorems, since the steps presented here are all close to one of Peller's proofs ([S], 
sections 8 and 9 of Chapter 6). There are still some adaptations to make since for 
example the result for p = 2 is non-trivial here whereas it is obvious in Peller's case. 
Moreover as far as the constants in the isomorphisms are concerned, our results are 
more precise and optimal in some sense (if one follows Peller's proofs, one is led to 
constants growing at least as fast as p in the right-hand side of the inequality of the 
Theorem lO.ip . For completeness we provide a detailed proof. We would also like to 
mention here the fact that Eric Ricard has found a much shorter and elementary 
proof of Theorem lO.il (which is in particular a new simpler proof of Peller's results), 
but it leads to constants of order p instead of It is also worth mentioning that 
(at least one direction of) his proof also works for p < 1 (in the scalar and S"?"- valued 
case). 

Peller's classical results also have an extension to the case < p < 1. Here there 
are some obstructions: we should first of all clarify the notion of vector- valued non- 
commutative LP spaces for p < 1. But even then, since the proof given here really 
lies on duality and interpolation, some new ideas would be needed. 

This chapter is organized as follows: in the first section we recall briefly defini- 
tions and facts on regular operators. In the second section we give definitions and 
classical results on Besov spaces of analytic functions that will be used later. 

All results are proved. In the third and last section we prove the main result. 

Notation. We will use the following notation: if X and Y are two Banach spaces 
(resp. operator spaces), we write X Y if X and Y are isomorphic (resp. com- 
pletely isomorphic). Most of the time the isomorphism will not be explicited since 
it is natural. If A and B are two nonnegative numerical expressions (depend- 
ing on some parameters), we will write A « _B if there is a constant c such that 
c^M < B <cA. 

1. Background on regular operators 

1.1. Commutative case. We start by recalling the definition of regular operators in 
the commutative setting. 

Definition 1.1. A linear operator u : Ai ^ A2 between Banach lattices is said to 
be regular if for any Banach space AT, u idx ■ Ai(A) Ai(A) is bounded. 



4 



MIKAEL DE LA SALLE 



Equivalently (taking for X — if there is a constant C such that for any n and 

/!,...,/„ e Ai, 



sup|u(/fe)| 


< c 


SUp|/fc| 


k 


A2 


fc 



The smallest such C is denoted by ||M||r- 

This theory applies in particular if Ai and Ai are (commutative) spaces: 
when p=loTp — 00a map is regular if and only if it is bounded. Similarly, a map 
that is simultaneously bounded — > and L°° — > L°° is regular on L^. This 
is not far from being a characterization since it is known that the set of regular 
operators: coincides with the interpolation space (for the second complex 

interpolation method) between B{L°° , L°°) and B{L^,L^). 

We refer to [1] for facts on the complex interpolation method. 

1.2. Non-commutative case. Let S" be a subspace of a non-commutative LP space 
constructed on a hyperfinite von Neumann algebra. In the sequel for an operator 
space E we will denote by S[E] the (closure of) the subspace S (8) E of the vector 
valued non-commutative L^-space LP{t;E) defined in [7]. 

Definition 1.2. A linear map u : S T between subspaces of non-commutative 
spaces as above is said to be regular if for any operator space E, u(S) ids ■ S[E] 
T[E] is bounded. As in the commutative case ||M||r will denote the best constant 
C such that |jM (g) idE\\s[E]^T[E] < C for all E. 

The set of regular operators equipped with this norm will be denoted by Br{S, T). 

Since classical spaces are special cases of non-commutative spaces, this 
notion applies also for commutative spaces (but fortunately the two notions 
coincide). This notion was defined and studied in 6 . In particular the following 
result was proved: 

Theorem 1.3 (Pisier). Let (A^,r) and (A/", r) be hyperfinite von Neumann algebras 
with normal semi- finite faithful traces. Then a map u : Vij) — > LP(t) is regular 
is and only if it is a linear combination of bounded completely positive operators. 
Moreover isomorphically (with constant not depending on p or on A4 , M) 

Br{LP,LP)~ [CB{L°°,L°°),CB{L\L^)Y for g = 1/p. 

We will only apply this fact in the case of von Neumann algebras that are either 
commutative or equal B{i'^) equipped with the usual trace. The following result 
was also proved: 

Theorem 1.4. Let 1 < p < 00. Then u : LP{t) LP{t) is regular if and only if 
u* : LP (f) LP [t) is regular, and \\u\\r = ||u*||r- 

2. Vector valued Besov spaces 

In this section we introduce the Besov spaces of analytic functions B^ ^_|_ . Before 
that we need some facts on Fourier multipliers. Everything in this section is classical 
(the results are stated in [5], and they are proved for the real line instead of the 
unit circle in [1]), but we give precise proofs in order to get quantitative bounds on 
the norms of the different isomorphisms. 
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2.1. Fourier Multipliers on the circle. Here T will denote the unit circle: T = {z e 
C, \z\ — 1} and will be equipped with its Haar probability measure. 

The Fourier multiplier with symbol {Xk)k& i^k G C) is the linear map on the 
polynomials in z and z denoted by AffA^)*, and mapping X^feez '^kz'^ to J2k£Z ^kO.kz'^ ■ 
For 1 < p < cx) we say that the Fourier multiplier is bounded on if the map 
-^^(Afc)fc can be extended to a bounded operator on L^iT) such that for / € LP(T), 

9 = ^(Afc)fc(/) satisfies g{k) = Xkf{k). 

Similarly if X is a Banach space the multiplier Mf^j.)^. is said to be bounded 
on LP{T;X) if M(^Xk)k ® extends to a continuous map on LP{T;X) (which we 
still denote by M(^\-j^)), such that for / e LP{T;X), g = (A/(Aj.)^ ®idx){f) satisfies 
g{k) = \J{k). 

In the vocabulary of part [1] a multiplier Mi^\^^^ is said to be regular on if it 
is bounded on L^'(T; X) for any Banach space X. 

For example if = /i(fc) for some complex Borel measure /i on T then M(^Xk)k 
is bounded on L^'(T;X) (1 < p < oo) for any Banach space X since it corresponds 
to the convolution map / /i*/. Its regular norm on is therefore equal to the 
total variation of /i. 

The following Lemma will be essential. 

Lemma 2.1. Let A = {\k)kez & satisfying ||A||2 < oo. Then the Fourier multi- 
plier with symbol A is bounded on every and 



M(Xkh\\r,^r, < -l=v/||A||2||(Afc+l-Afe)fe||2. 



/TT 



It is even regular and its regular norm on is less than 



2/V^V\\M\2\\{Xk+i-Xk)kh. 

Proof. Since ||(A/c)||2 < oo, the function j : z ^ ^k^T.^^^^ ^® II/II2 = 

||(Afe)||2- Similarly, the function g : 2 1— > (1 — z)f{z) satisfies II.9II2 = \\{^k — 
Afc+i)/cez||2- 

Since the multiplier with symbol (A^) corresponds to the convolution by /, by 
the remark preceding the Lemma we only have to prove that ^ H/IUHslb- 

But for any < s < 1/2: 

ll/lli - [' \f{e'"')\dt 

|/(e^-*)Mt+ \, \,^J (l-e^-*)/(e^-*)|dt 







< V^||/||2 + ^£ ^J^^^dt\\9h 
by the Cauchy-Schwarz inequality. The remaining integral can be computed: 

1-s ^ .1/2 ^ 

-. TT—rvT^dt = 2 / ^ dt 



4sin^(7ri) 



— cos(7rt) 



-,1/2 



1 1 

< 



27rtan(7rs) 27r^s 



TT sin(7ri) 

where we used that tana; > x for all < a: < 7r/2. Taking s = ||5||2/27r||/||2 < 1/2 
we get the desired inequality. □ 
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The following consequence will be also used a lot: 

Lemma 2.2. Let I — [a,b] C Z be an interval of size N and take {Xk)kez G C^. 

Then for any 1 < p < oo, any Banach space X and any / e LP{T; X) such that 
/ is supported in /, 



(2) \\M(\^)jLp„.^..<2\\f\\pmax\snp\Xk\, Nsnp\Xk\ sup |Afe-Afe+i| . 

^ • ' ykei y kei a<k<b j 

In other words, the restriction of the multiplier M\ to the subspace of LPi^) 
of functions with Fourier transform vanishing outside of / has a regular norm less 
than the right-hand side of this inequality. 

Proof. Consider the multiplier with symbol {nk)kGZ where fik = Xk H k G /, 
/^fc = if fc < a — TV or if fc > 5 + A'^, and /Zfc is affine on the intervals [a — N, a] and 
[b,b + N]. 

Since and M\ coincide on the space of functions such that f{k) = for 
k ^ I, the claim will follow from the fact that the regular norm of is less that 
the right-hand side of ([2]) . For this we use Lemma 12. 1[ so we have to dominate 
||(^fc)||2 and IK/ifc+i - tJ'k)\\2- Since both sequences {fj.k)k and {fik+i - IJ'k)k are 
supported in ]a — A^, 6 + N] which is of size less than 3N, their £^-norm is less than 
VSN times their £°° norm. The inequality sup^ \^k\ < sup^.^/ |Aa;| is obvious by 
definition of /i^. On the other hand we have |^fc+i — = |Aa;+i — Afe| if fc S [a, b[, 
and l/ifc+i — ^fe| < supj,gj |Afe|/iV otherwise since fik is affine on the intervals of size 
N + 1 [a^ N,a] and [b,b + N]. 

Thus by Lemma [2T] 

2^3 



P-^MllLP(T-Jf)->LP(T-X) ^ ^^niax h'^Pl'^^fekP sup |Afc)|sup|Afe-Afe+i| . 

^ ' ' ^ ' ' \kel Y k£[a,b[ kel J 

This concludes the proof since 3 < tt. □ 

For all 71 e N, ri > we define the function Wn on T by 

( 2-"+i(fc-2"-i) if2"-i<fc<2" 
Wn{k) = < 2-"(2"+i -k) if 2" < A: < 2"+^ 
[ otherwise. 

We also define Wo{z) = z + 1. 

Note that for aU keN, EnsN^l^) 1 (finite sum). 

Since for n > 0, ||(^?„(fc))fc|l2 < and ||(W^„(fc) - t?„(fc + l))k\\2 - 
Lemma [2 . 1 1 implies the multiplier / i-^- Wn*f has regular norm less than 2-\/3/7r < 2 
on LP{T) any 1 < p < oo. The same is obvious for Wq. 

2.2. Besov spaces of vector- valued analytic functions. We define the X-valued weighted 
£p spaces ^p(N; X) for p > 0, s £ M. and a Banach space X as the space of sequences 

{xn)neN e such that \\{xn)n\\ei,(N;X) = ||(2"''||a;„||jf)„eN||p < oo. 

We will deal in this paper with Besov spaces of "analytic functions" , which 
are defined in the following way. First note that the reader should take the term 
"analytic" with care. Elements of the Besov spaces are indeed defined as formal 
series J2k>o ^kz^ with z G T. The term analytic means that the formal series are 
indexed by N and not Z (in particular this has nothing to do with analytic maps 
defined on the real analytic manifold T). 
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Let X be a Banach space; p,q > and s real numbers. The Besov space 
Bp g (X)^ is defined as the space of formal series f{z) = J2keN ^^z'^ with Xk ^ X 
such that (2"^|lW„*/||p)„eN G ig, with the norm ||(2"^|| W;„ ^ /||p)„gN||g- Here by 
Wn * f we mean the (finite sum) X]/c>o ^^'^ ^^^^ coincides with the 

obvious notion when / g L^{T;X). When X = C the Besov space B^^^ (X)^ is 
simply denoted by -Bp,g+- 

Remark (Elements of B^ ^ (X)^ as functions). It is easy to see that when s > 0, 
any / S B^ ^{X)^ corresponds to a function belonging to LP(T; X) (and therefore 
also to i^(T; X)). In this case the series J2n>o ^n*f indeed converges in LP{T; X) 
(because J2n>o ll^n*/llp < °°)- ^l^o immediate to see that for any s, < 
C||/||ss (X)_|_fc" for some constant C > 0, and thus that for any f £ B^ ^ 
J2k>o ^kZ^ converges for all z in the unit ball D of C. 

On the opposite when s < there are elements / = X]fe>o ^fc^*^ G B^^ (^)+ such 
that the sequence Xk is not even bounded (and thus cannot represent a function in 
L\T,X)). 

The space can be equivalently defined as a subspace of ^^(N; Lp(T; X)) with the 
isometric injection 

Bl,{X)^ ll{fi-L^{T-X)) 

J ^ [Wn * /)„GN 

Moreover the image of B^ ^ (X)^ in the isometric injection is a complemented 
subspace. The complementation map is given by 

P:£^(N;Lf(T;X)) Sp,, (^)+ 

(a„) ^ (Wo + Wi)*aQ + Y, (Wn-i + Wn + W^+i) * a„ 

n>l 

and has norm less than C2'^^'^^ for some constant C < 20. Indeed, if — Wn-i + 
Wn + Wn+1 if n > 1 and Vo = Wo + Wi, then -kVn = if \n - m\ > 2, and 
moreover if |n — to| < 2, || (Wrr, *Vn) * a„\\p < 4||a„ ||p bv Lemma [2Jl This implies 
that 



* ar 

n>0 



< 4||(2"^||a„+,||p)„eF 



< 4 (2-2- + 2-^ + 1 + 2^ + 2^^) II (2"^||a„+ Jp)„gN||, • 

When p ^ q, the Besov space B^^^ {X)_^_ is also denoted by B^ (X)^. In this 
case Bp^ is a subspace of £p{N; Lp{T)) which is just the space of N x T with 
respect to the product measure of the Lebesgue measure on T and the measure on 
N giving mass 2""^ to {n}. Moreover (at least for p < oo) Bp (X)^ is the closure 
of Bp^ (X) X in the vector- valued space LP{N xT;X). This will allow to speak of 
regular operators between Bp_^_ and an other (subspace of a) non-commutative 
space. Note in particular that the above remark shows that Bp^ is a complemented 
subspace of Lp(NxT) and that the complementation map P (which does not depend 
on p) is regular. 

As a consequence of the complementation, we have the following property of 
Besov spaces: 
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Theorem 2.3. The properties of the Besov spaces with respect to duahty are: if 

p,q < oo 

isomorphically for the natural duahty (/, 5) = X]n>o(j^('^)'ff ("•))■ Moreover for 
M > and any \s\ < M the constants in this isomorphism depend only on M. 

Proof. The boundedness of P formally implies that the dual of ^ (X)^ is iso- 
morphically identified with the set of formal series g{z) — X^feffC^)-^*^ ^ ^*) 
equipped with the norm coming from the embedding P* : g t—^ (Vn ^ g)n S 
^~/*(N;LP (T;X*)). But the same argument as in the proof of the boundedness 
of P shows that (up to constants depending only on M if |s| < M) 

WiYn ® g)n\\g-^<'(f^.Lp' (f-X*)) ~ li 5)"! Il£-/(N;LP'(T;X*)) ^ ^^^W B'' {X') ^■ 

□ 

For a real (or complex) number a and an integer n, we define the number Z?^ 
by Dq = 1 and for n>l, 

^ (a + l)(a + 2)...(a + n) ^ tt A ^ " 
n! J 

For any i e R, wc define the maps It and It by 

/t(^afe^^-) = ^(l + A:)*afez'=. 

k>0 k>0 

7t(^a,.z'=)=^i^*afez'=. 

fc>0 k>0 

The boundedness properties of the maps It and /* are described by the following 
result: 

Theorem 2.4. Let Af > be a real number. There is a constant C = Cm (depending 
only on M) such that for any 1 < p,q < 00, any \t\ < M, any s e M, and any Banach 
space X, 

\\It : B;,^ (X)^ ^ i?;,-* (X)^ II, ||/r^ : (X)^ - B^,, (X)^ \\ < C. 
Moreover if -1/2 < < < M, 

Il7t : s;,, {x)^ ^ b;:/ {x)^ uJ^' : b;^' [x)^ ^ b;^^ (x)^ \\ < c. 

Proof. Fix M > (and even M > 1) and take |t| < M. Let us treat the case of 
/(. Let / = J2k>o ^kz'' e B^ g (^) + - Since the maps / 1-^ VF„ ★ / and / i-^ Itf are 
both multipliers, they commute, and we have that 

\\Itf\\B;-Hx)^ = ||(2l"l^||/t/2"*(M/„*/)||p)„eN 

To show that ||/t|| < C, it is therefore enough to show that the multiplier It/2'^* 
(the symbol of which is ((1 + fc)/2")*) is bounded by some constant C on the 
subspace of LP(T, X) consisting of functions whose Fourier transform is supported 
in ]2"-i, 2"+i[. This follows from LemmaO We indeed have ((1 + A:)/2")* < 2l*l 
for k e]2"-i,2"+i[. To dominate the difference |((2 + fc)/2")* - ((1 + fc)/2")*| for 
2"^^ < k < 2"+^ — 1, just dominate the derivative of x 1-^ (a:/2")* on the interval 
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[2"^i,2"+i] by |i|2l*-i|/2" < Af2^^+V2". The multiplier h/T'- 
by 4%/M2^. 

This shows that 



is thus bounded 



\It:BlJX)_ 



< 4VM2 



Since /_t — It^^ , the inequality for I^t follows. 

By the same argument, to dominate the norms of It (resp. its inverse), we have to 
get a uniform bound on supj, |Afe| and 2" supj. |Afc+i — Afc| where \k = D^/2"* (resp. 
Afc — 2"*/^fc)- This amounts to showing that there is a constant C(M) (depending 
on M only) such that 1/C(M) < |D^/2"*| < C(M) and \Dl^^/T''* ~ Dl/2"-*\ < 
C(M)/2" for 2"-i < fc < 2"+i (the inequality |2"7i:)*.+i - 2"VL>*,| < C(M)3/2" 
will follow from the formula \l/x — l/y\ = |y — a;|/|a;y|). The first inequality can 
be proved by taking the logarithm, noting that log(l + t/j) — t/j + 0(l/j^) up to 
constants depending only on M if — 1/2 < t < M, and remembering that ^/j = 
\ogN + 0(1). The second inequality follows easily since -D^+i — Dj. — t/{k + 



We also use the following characterization of Besov spaces of analytic vector- 
valued functions: 

Theorem 2.5. Let M > 0. Then there is a constant C — Cm (depending only on 
M) such that for all < s < M, for all Banach spaces X, all 1 < p < cx) and all 
f:T^X, 



< 



LP( 



Bp,p(X)_^ ■ 



Proof. The left-hand side inequality is easier. For any < r < 1, let denote the 
function fr{9) = /(re^^). Then 



-i/p 



f\l~rr-'\\frrprdr^ 



i/p 



Let 1-2^" < r < 1-2- 



with n > 1. Then ||/,.||p > \\Wn* frWpf^. But / is the 
image of fr by the multiplier with symbol {r'^)k£'i- Note that for 2"^^ < k < 2"+^, 



-fc-i 



(1 



< 2""+i24 = 



2 Thus since multipliers commute and since the Fourier transform of Wn * / 

vanishes outside of ]2"~^, 2"+^[, Lemma \2l2\ implies 

\\W„ * /lip < 2||T4^„ * M|p25 < 26||/,||p. 

Moreover (1 — r)^'*~^ > 2^p''2^"'*^'+". Integrating over r, we thus get that for n > 1: 



|W^n*/||^ <C^^ 



{l-rr-'WfrErdr 



1-2- 



where C depends only on M. For n = the same inequality is very easy. Summing 
over p and taking the p-th root, we get the first inequality 



< C 



{i-\z\r-^/pf 



LP(D,dz;X) 
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For the right-hand side inequality, note that since ^n{k) = 1 for all k > 0, 
we have that for any r > 

\\fr\\p<Y.\\^^*fr\\p- 
n>0 

Then as above since Wn * fr is the image of Wn * / by the Fourier multiplier of 
symbol r^, Lemma again implies than 

\\Wn*fr\\p < 2r2""' max(l, - r))|| W„ * 

If m is such that 1 - 2-'" < r < 1 - 2-'"-'^ then 



= 1-2- 



< e" 



and 



max(l, ^2"+i(l - r)) < max(l, VT^^ 
If for fc G Z one denotes h^. = 2e~^'° ^ max(l, \/^^^)2^''^ one thus has 

If a„ = 2~"'*||iy„ ★ fr\\p for n > and a„ = if rt < 0, summing the previous 
inequality over n we thus get 

ll/rllp < 2™^ ^ fe„_,„a„ = 2"''(a*5)m. 

n>0 

Let us raise this inequality to the power p, multiply by r(l — r)P^~^ < 2~™p''2™+-'^ 
and integrate on [1 - 2-"*, 1 - 2'"'-'^]. One gets 

{l~r)P'-'\\fr\\;rdr<{a*br^. 



Summing over m this leads to 



i/p 



£P(Z)- 



1 m>0 



Now note that ||aTk-5||£p(z) < ||a||p||5||i = ll^lli- We are just left to prove 

that b E ^^(Z) and ||6||i < C/s with some constant C depending only on M. If 
A: > 0, we have \bk\ < 2V2e~2'=-^2'=(^^+i/2) which proves that 'Ekyo^k < Ci for 
some constant depending only on M. If /c < 0, \bk\ < 2*^'*+^, which proves that 
Sfc<o < 2/(2'' — 1) < C2/S for some universal constant. This concludes the 
proof. □ 

When p — 2 and X is a Hilbert space, the preceding result can be made more 
precise and more accurate (as s 0). This will be used later and was mentionned 
to the author by Quanhua Xu: 

Theorem 2.6. Let M > and X be a Hilbert space. Then for — M < s < M and 

for all / = E/c e 52-^ (X)^, 



l/lls-: 



\k=0 



\ 1/2 






afc||2(l + fc)-2^ « 




(l-|z|rV2/ 



L^{0,dz;X) 



up to constants depending only on AI. 
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Proof. The first inequality is obvious: indeed, since X is a Hilbert space, for any 
integer n we have 

l|W^n*/llL(T;X)=E^W'll«^ll'- 



For the second inequality everything can be computed explicitely: 

2 



(f-izir^v 



Af-r)--!^! 

•^0 fc>0 

fc>o 



2^2fc+l 



2s-1^2fc+l 



dr 



dr. 



Integrating by parts 2k + 1 times, one gets 



(1-r) 



2s-l„2fe+l 



dr 



(2fc + l)2fc(2fc- 1) 



2s(2s + l)...(2s + 2fc + l) 23011^^' 
Note that £'2fe+i ~ (1 + uniformly in k and s as long as \s\ < M. This implies 



(l-|z 



L'^{0,dz;H) 



2si\ ||2 



which concludes the proof. 
The following also holds: 



□ 



Theorem 2.7. Let Af > 0. Then there is a constant C — Cm (depending only on 
M) such that for all — 1 < s < M, for all Banach spaces X, all 1 < p < cx) and all 



LP(0,dz;X) 



1/11 



Proof. By Theorem 12. 5[ it is enough to show that 

ll/llB-;m,- 1/(0)1 + Il/'ll5-r^(x), 

up to constants depending only on AI if \s\ < M. 

Since |1/|1b-=(x)^ ~ 1/(0)1 + 11/ - /(0)I1b-;(x)+' o^e can assume that /(O) = 0. 
But since Iig — {zg)' for any g, Theorem 12.41 implies that \\g\\g 



ll(^5)'lli 

becomes H/'H^- 



\X), 



p,p (-'^) _j_ 

Applied to g{z) — f{z)/z (recall that /(O) = 0) this inequality 



/(^)/^ii 



The inequality 



.p,p-\X)^ ~ II- M-7/-|IS-(X)^ 

W^^ fi^)/4B-UX)^ ~ WfWBpUX)^ 

is easy and concludes the proof. 

3. Operator space valued Hankel matrices 



□ 



In this section we finally prove the main results stated in the Introduction, The- 
orem 10.31 In the particular case when a = /3 = 0, we recover Theorem 10.11 We 
prove the two sides of ^ separately. 

For the right-hand side, we first recall a proof for the cases when p = 1 or p = oo 
(this was contained in Peller's proof since for non-commutative or L°° spaces, 
regularity and complete boundedness coincide; we will still provide a proof which 
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is more precise as far as constants are concerned). Then we derive the case of a 
general p by an interpolation argument. 

The left-hand side inequality is then derived from the right-hand side for a = 
/3 = 1 by duality. 

We study the optimality of the bounds in Theorem 10. 1[ and finally derive The- 
orem [021 



3.1. Right hand side of ([T]) for p = 1. We first prove that for a formal series 
ip = X]fc>o '?{k)z^ with (p{k) e E, it is sufficient that tp belongs to By_^~^°'~^^ to 
ensure that V^'^ e S^[E\. We first treat the case when p = 1. 

Let E be an arbitrary operator space. Since (formally) ip — X^cT * ^'^'^ 



m\ 



,l + a + /3 



~ Sn>o 2"^^^"^'^^|lW^n*</'||i, by the triangle inequality replacing </? 



by Wn 7k- it is enough to prove that, li ip = X^fcLo o^kZ^ with ak G E, 

W\\l^{T;E)- 



I ^ II^^I^l - V(" + l/2)(/3+l/2)' 



But we can write 



(^(z)(i+jr(i + fc)^^^'+') 



0<j,k<m 



dz 



and compute, for z G T, 

(^(z)(i+,r(i + fc)''^^+^-)o<,,.<™ 



S^E] 



Mz)\\e {ii+jr{i + kfz^+'') 



0<j,k<m 



SI 



with 

{{i+jni + kfz^+') 



0<-j..k<.m 



((i + jT) 



J— 0. . .m 



/£=0...mlU2 



Thus the lemma follows from the fact that 



((i + jTW. 



< c 



(l + m) 



2a+l 



P ~ 2a + I 

for a constant C which depends only on M ~ maxja, /3} as long as a, (3 > —1/2. 

3.2. Right hand side of ([1]) for p = oo. The sufficiency for p = oo is very similar to 
easy direction in the classical proof of Nehari's Theorem that uses the factorization 
= ■ H^, which we first recall. Remember that Nehari's Theorem states 



that for any (polynomial function) ip{z) = 



>0 ""^ 



with a„ G 



ir 



•p\\B(e^) 



\\(p\\Hf for the duafity {ip, f) = X)n ^'^^ f ^ H^{T). With the notation 

fii^) = for ^ = (^„) G i"^, the inequality ||r^||B(£2) < easily 
follows from the following elementary facts: 

a. For any ^ = (C„), ?7 = (??«) € ^^ 



b. The map ^ >— > is an isometry between £^ and i7^(T). 

c. For any /i,/2 G ^^(T), fj^ e i7i(T) with norm less than 1^2 11/21^2. 
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Let US now focus on the right-hand side of incquahty |T|) for p = oo. We fix 
Q!,/3 > and assume that E C B{H) for a Hilbert space H. In this proof we use 
the fact that H^H ~ B{H)^, isometricahy through the duahty (T, ^rj) — (T^, rj). 
For a sequence x = with ^„ in some vector space we also use the notation f^{z) 
for the formal series X]n>o(l + 

Let (y3 e 5^+^^ {E),- We wish to prove that 



3(P{H)) < C/niin(a,/3)||i^|l^„+/3 



(E), 



Since (^)+ is naturally isometricahy contained in B'^^ {B{H))_^ which is 

(by Theorem 12.31 and the identification H^H ~ B{H)^,) isomorphic to the dual 



space of " we are are left to prove that 

WK^'^WBieHH)) < C/min(a,/3)||v3||3-„-0(-^g-y-). . 

As above this inequality follows immediately from the following three facts: 
a'. For any ^ = € eHH),71 = (r/„) G ^'(i?), 

n>0 

b'. The map ^ G £'^{H) i-^ (resp. 77 = g P{H) ^ f^) is an isomorphism 
between and B^'^ (H)^ (resp. between (;ff) and B^" (H)^)- Moreover 

the constants in these isomorphisms depend only on M — max(a,/3). 



c'. For any f & B^'^ {H) and g e B^" [H) the series J g & B^ 



■a-/3 



and moreover there is a constant C depending only on M such that 
ll/«5llBr"-(™)^ < niinf.^../3)"^"^.-^^^)J'-^"^r(H) • 



min(^, 

The facts (jlJ) and (|bl) are again elementary while fact (jcj) is not and follows 
from the properties of Besov spaces stated in the previous section. Let us prove it. 

Remark. In fact the same holds with H and H replaced by arbitrary Banach spaces, 
but in this case one has to replace C/ min(ya, \fP) by C/min(a,/?). 

Proof of (ja). From Theorem [13 



|/(0)||5(0)| + ||(l-|z|r''(/®5)'|L.(o,,,H«^) 



Since {f ® g)' — f ® g + f ® g', (jcj) will clearly follow from the existence of a 
constant C depending on M only such that 



C 



\\{l-\z\r+^f'^g\\^ 
But by the Cauchy-Schwarz inequality, we get that 



dz-Hi»H) - 



l(i-i^ir+Y®5| 



L'^(n,dz-,H^H) 



< 



L2{n,dz;H 

For the first term, use again Theorem 12.71 to get 

(i-|ziri/Y 



(i-izir-v2g 



(3) 



iz;H) 
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whereas for the second term Theorem l2.6l huphes 



{i-\z\r-'/'9 



□ 



3.3. Right hand side of (H]) for a general p. Let us first reformulate the right-hand 
side of H]). 

Denote by D the infinite diagonal matrix Dj j = 1/(1 +j) and Dj^k = if j 7^ fc. 
Let p, a and (3 as in Theorem 10.31 Define a = a + l/2p and (3 ^ f3 + l/2p. Then 
for any if 

-pa. (3 _ 7->i/2p-p5,/3 7->i/2p 

and Theorem l2.4l implies that the map I^_^_p ■ ~* -^p+ ^ regular isomorphism 

(with regular norms of the map and its inverse depending only on max(a,/3)). 
The main result of this section is 

Lemma 3.1. Let M > 0. Take < a,P < M and 1 < p < 00. The map 

Tp : ^ SP (or 5(^2) if p = 00) 

is regular, with regular norm less that C/(min(a, /3))^/^+^'^^p for some constant C 
depending only on M. 

As explained above, this result is equivalent to the right-hand side inequality 
in llj. More precisely the above Theorem for some a,P > and 1 < p < 00 is 
equivalent to the right-hand side inequality in ([1]) for the same p but with a and 
P replaced by a — l/2p, (3 — l/2p. In the proof below, Pisier's Theorem 11.31 on 
interpolation of regular operators is used, but the reader unfamiliar with regular 
operators can as well directly use Stein's complex interpolation method with vector- 
valued Besov spaces and Schatten classes. 



Proof of Lemma [3TT1 We have already seen that the map Tp is regular (^completely 
bounded) when p = 1 or p = cx). Therefore up to the change of density given by 
D, Tp is simultaneously completely bounded on B^j^ and -Bj^+, which should imply 
that Tp is regular. 

To check this more rigorously, we use Pisier's Theorem 11.31 Since the Besov 
space Bpj^ is a complemented subspace of L^'(N x T) (where N x T is equipped 
with the product of the counting measure on N and the Lebesgue measure on T), 
and since the complementation map P is regular and is the same for every p, Tp 
naturally extends to a map Tp o P : LP(N x T) 5^ which is still completely 
bounded for p = 1 , 00 . 

To show that Tp is regular, we show that TpoP e [CB{L°° , B{P)), CB{L^,S'^)]g 
(where the first L°° and spaces are L°°(N x T) and L^{N x T)). Since by the 
equivalence theorem for complex interpolation [ylo,v4i]e C [Ao,^i]^ with constant 
1 for any compatible Banach spaces Ao,Ai (Theorem 4.3.1 in ,1 ), Theorem 11.31 
will imply that Tp o P is regular and hence its restriction to Bp^, Tp, too. 

Consider the analytic map f{z) with values in CB{L\S^) + CB{L°° , B{e^)) 
given by f{z) = D'^/'^T^ o PD^/'^ (/ takes in fact values in CB{L°° ,B{e))). Then 
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f{l/p) — Tp o P. The conjugation by a unitary is a complete isometry on B{£'^) 
and on S\ Therefore if Re{z) ^ 0, ||/(z)|| 

C/Vniin(a,/?) and if i?e(z) = 1, ||/(z)||cb(li,si) = ll^i o P||cs(li,si) < C/V^ < 
C/ min(a, /3). This proves that 

||T,||^_,(^,_^,)<C/(min(a,/3))W/2p. 

□ 

3.4. Left-hand side of ([1]). In this section we assume that the right-hand side of ([1]) 
holds for a = /? = 1, that is to say the operator 



is regular for every 1 < p < cxd. 

Fix now \ < J) < OQ and a,f3 > —l/2p. We prove that the map T'^'^ i— > t/j is 
regular from the subspace of (or B{£'^) ii p ~ oo) formed of all the matrices of 
the form TJ''^ bI^_p+"+^ . 

For -0 e ^1'+ '^^ define the matrix 



First note that since sup_i/2<a<M ^^Pj>a ^f^^ /{^ + j)"^^ < oo the assumption 

with p' implies that the operator T : ij] ^ T]p^ is also regular from B^!^ to 
with regular norm bounded by some constant depending only on M . 

Recah that by Theorem [USp+ZP'"^ ~ (5p'+'"^^)* if P > 1 (and {Bpl'^'^^f ~ 

Bp!^'^'^ a p < oo). Since B^^^ is complemented in £p^^ ^(N;LP) with a reg- 
ular complementation map, Theorem 11.41 implies that the dual map T* : 
Bp^^^ = Sp^^^'^ is also regular. 

It is now enough to compute explicitly the restriction of T* to the set of matrices 
of the form V^'^ to conclude. Indeed for any analytic ip -.T ^ C such that F"'^ S 

(or B{£'^)), and any Tp e B^!^ we have 

= ^ i?^"+iz?f+V(j- + fc)^(.? + k) 



n>0 



We used that for aU a, /3 e M, and aU n e N 

j-\-k—n 
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which foUows from the equahty J2n>o ^n^" — (1 + 2^) " ^ fo^' 1^1 < 1- 

Thus we have that TTJ^'^ = I„+p+3(p. By Theorem the map (ja+fj+s^ 

is regular as a map from Bp^_^ to Bp^_^^°'^^ . Hence the map T'^'^ i~* ip is regular 

from the subspace of formed of all the matrices of the form V^'^ to B^^^^""^^ . 
This concludes the proof (it is immediate from the proof that the regular norm of 
this map only depends on M). 

3.5. Optimality of the constants. In this last part we show that the inequality 

(4) c-^ \MbI'^(e)^ ^ lir^llsp[B] ^ '^Vp\MbI'^(e)^ 

in Theorem [nH] is optimal even when E = C (up to constants not depending on p). 
This observation is due to Eric Ricard who kindly allowed to reproduce his proof 
here. 

The fact that the left-hand side of ((4]) is optimal is obvious: indeed if (p{z) — 1 

then is a rank one orthogonal projection and hence ||r^||gp = 1 = ||<^|| „i/p for 

p+ 

any p. 

For the right-hand side inequality consider the positive integer n such that n < 
p < n + 1. Let ai, . . . , a„ S C and consider the function ipa = X]fc=o ^fe-^^ ■ We 
clearly have 

n 

ll'^alLi/P - (V 2^|afe|f)i/f <2"+Vpniax|afe| <4max|afe|, 

-°P+ — ' k k 

k=0 

and the following lemma therefore implies that the ratio |j(/3a|j „i/p / |lr<p^|l^p can 

p+ 

be as small as 12/ ^/n, which shows the optimality of the right-hand side of (j4|). 
Lemma 3.2. For any 1 < p < oo and any (finite) sequence a = {ak)k>Q we have 

Proof. Since || • ||5p > || • ||s(f2-) for any 1 < p < oo, and since by Nehari's Theorem 

W^vJlBie^) = ||<y3a||//i*, 

the statement follows from the inequality ||tpa||_ffi* > II^IU^/S, which is the dual 
inequality of the classical Paley inequality 

1/2 

El/(2')M <3||/lki 

\k>0 J 

which holds for any / e iJi(T). □ 

3.6. The projection. As in the introduction, Puank will denote the natural projec- 
tion from the space of infinite N x N matrices onto the space of Hankel matrices. The 
boundedness properties of Puank stated in Theorem 10.21 are formal consequences of 
Theorem 

Proof of Theorem 10.21 Let 1 < p,p' < oo, with l/p+ 1/p' = 1. Since for the 
identification {8^)* — , Pnank* — Pnank, we can restrict ourselves to the case 
when 1 < p < 2. We thus have to show that 

(5) \\PHa7ik\\sP^SP ~ \\PHank\\B^{SP,SP) ~ Vp' 



OPERATOR SPACE VALUED HANKEL MATRICES 



17 



up to constants not depending on p. 

This foUows from Theorem 10.11 More precisely let T : i/) i~> defined from 

Sp/^' to SP'. Then by Theorem [Hill we have that 

As in part 13.41 this implies (for the natural dualities) that 



p+ ' ^ ■ p+ ' 

But T*{aj,k)j,k>o — Tlijkxy'^i-M'^''^^- Thus we have the following factorization 

of PHank- 

gp ^ gp 

T* 

^p+ ^p+ 

This concludes the proof since Ii (resp. T) is a regular isomorphism bewteen B^^^^ 

and -Bp{_^ (resp. between -Bp{.^ and the subspace of Hankel matrices in S^), and 
the regular norms of these isomorphisms as well as their inverses can be dominated 
uniformly in p (recall that 1 < p < 2). □ 
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